Abstract We study Brans-Dicke cosmology with an inverse power-law effective potential. By using dynamical analyses, we search for fixed points corresponding to the radiationlike matter and dark energy-dominated era of our Universe, and the stability of fixed points is also investigated. We find phase space trajectories which are attracted to the stable point of the dark energy-dominated era from unstable fixed points like matter-dominated era of the Universe. The dark energy comes from effective potentials of the Brans-Dicke field, whose variation (related to the time-variation of the gravitational coupling constant) is shown to be in good agreement with observational data.
Introduction
The recent acceleration of our Universe is thought to be caused by the mysterious dark energy, which composes about 68% [1] [2] [3] [4] . Roughly 27% of the Universe consists of dark matter [5, 6] and the remainder ordinary matter. One of the simplest candidate for dark energy is the well-known cosmological constant. The so-called Λ CDM model is consistent with the current observational data [7] . Nonetheless, there still remain fine tuning problems [8] like the cosmological constant [9] and the (anthropic) cosmic coincidence problem [10] to be understood. To suppress these problems, researchers have studied alternative models such as quintessence [11] , k-essence [12] , tachyon [13] , scalar-tensor theories including Brans-Dicke gravity [14] , and other theories. (See [15] and [16] for reviews of these models.)
In the standard model of particle physics Higgs-like fields have been studied to explain the primordial [17] and the late-time acceleration of the Universe [18] , and extended Higgs models containing the Einstein tensor coupled, kinetic energy term have been examined in [19] [20] [21] . Scalara e-mail: ssujhsim@gmail.com tensor theories have been also studied to explain the latetime acceleration of the Universe [22, 23] . Specifically, the recent acceleration of the Universe could be explicated by the scalar field responsible for the early inflation, which is a quintessence having an exponential potential or an inverse power-law potentials [24] [25] [26] [27] [28] [29] [30] [31] [32] . They might be most viable candidates to alleviate the coincidence problem. However, such potentials are not computed from a fundamental principle but are given by hand. The dynamical analysis is an useful method to treat autonomous system, while comparing with the observational data about the dark energy and so on. The method have been applied to scalar-tensor theories like Brans-Dicke gravity in Refs. [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] to describe the early or the late-time Universe. (See [43] [44] [45] [46] [47] [48] for other applications.)
In this paper, as in Ref. [49] we consider Brans-Dicke gravity with mutual interactions of the Brans-Dicke field and a heavy field. In Sect. 2, we derive a low-energy effective potential [50, 51] of the Brans-Dicke field, when the temeprature of our Universe is much lower than the heavy field mass. In Sect. 3 we set up our model to analyze the Brans-Dicke Universe as a dynamical system and find fixed points with various cosmological parameters. In Sect. 4, with the inverse power-law effective potential we analyze the dynamical system for cases of some ω-values and investigate the stability around the fixed points. In Sect. 5 we study the de Sitter case of a specific fixed point to describe the late-time Universe. In Sect. 6 we summarize our results.
Effective potential
In this section, we briefly review the derivation of an effective potential from a high-energy theory by means of the low-energy effective theory formalism [49] [50] [51] . We consider the action for a high-energy theory
Here ω is related to the orginal Brans-Dicke coupling constant ω bd as ω = 4ω bd [14] , h is a heavy field, and φ is the Brans-Dicke field playing the role of a light field in the lowenergy effective field theory. L om is the lagrangian for the other matter. We consider the potential for a (Higgs-like)
, and the second last term in Eq. (2) is an interaction between the heavy field and the light Brans-Dicke field.
When the freedoms associated with a heavy feld are concealed from direct observation at a late-time of the Universe of temperature lower than the heavy field mass, within the tree-level approximation we have the following equation by applying the low-energy effective theory formalism [49] [50] [51] to Eqs. (1) and (2) .
In the low-energy limit ∂ β h m 2 h h, we can obtain h(φ ) from Eq. (3) and an effective potential V e f f (φ ) =
− uφ k h l (φ ) dependent on the Brans-Dicke field only (when λ = 0). In the case of the renormalizable interaction term [49] , with k = 1 and l = 3, h(φ ) and V e f f (φ ) can be written as
Consequently, from Eqs. (1)- (5) we obtain the low-energy effective theory action depenent on the Brans-Dicke field φ only and the other matter.
Set up autonomous system
In the flat Friedmann-Robertson-Walker (FRW) metric, g µν = Diag.(−1, a 2 (t), a 2 (t), a 2 (t)) with a scale factor a(t), the equations derived from Eq. (6) are given by
where H =ȧ (t) a(t) , the dot,˙, denotes a derivative with respect to the cosmic time t, and V (φ ) ,φ ≡ dV (φ ) dφ . The total energy density and pressure can be written as [49] ρ = ρ bd + ρ e f f + ρ om and p = p bd + p e f f + p om ,
where
ρ om is the energy density for the other matter, and p om is the pressure. Eq. (7) can be rewritten as
With dimensionless variables
where the constant c ≡ 
From Eqs. (8) and (9) we define other dimensionless variables A ≡φ Hφ and B ≡ −Ḣ H 2 , which are dependent on each other as
The ratio of the energy density of the other matter relative to 6H 2 φ 2 and that of the Brans-Dicke field can be expressed as
3 Eqs. (17) and (18) give us constraints, 0 ≤ Ω φ ≤ 1 and 0 ≤ Ω om ≤ 1. The equation of state for the total energy and pressure and the equation of state regarding to the Brans-Dicke field are given by
. Note that our Universe is accelerating if the equation of state for the total energy and pressure w m < − Using Eqs. (12)- (16), we can rewrite our autonomous system in Eqs. (7)- (9) as
where denotes the derivative with respect to N =lna(t). We further define dimensionless variables as D =
. If D and E are dependent on φ , we have to analyze a 6D autonomous system including Eqs. (25) and (26) . In this paper, however, we take V (φ ) ∝ φ n which is a power-law potential regarding to Brans-Dicke field and where n and j are constants. Since Eqs. (25) and (26) can be neglected, we analyze the 4D autonomous system. ) that should be studied instead of D (and E) is dependent on φ as in Ref. [28] . However in Brans-Dike gravity the Brans-Dicke field is related with the gravita- [14] , and thus D =
2V e f f (φ ) φ are constants in cases of (inverse) power-law potentials [34, 35, 42, 43] .
Stability analysis of fixed points In this subsection, we determine the linear stability of a fixed point (x = x 0 , y = y 0 , z = z 0 , t = t 0 ) with a perturbation
where M is given by
to be calculated from Eqs. (21)- (24) . The above has four eigenvalues. When all eigenvalues are negative, the fixed point is stable. When all eigenvalues are positive, the fixed point is unstable. On the other hand, if some of eigenvalues are negative and the others positive, then the fixed point is saddle. If the determinant of the matrix M is negative and real parts of the eigenvalue are negative, then the fixed point is a stable spiral [15, 16, 45, 47] .
From Eqs. (15) and (16) we have
If x = 0 and y = 0, then A in Eq. (27) is divergent. In sections 3 and 4 we do not consider the case where both x = 0 and y = 0. However, in section 5, assuming that B = 0 and A = 0 which satisfy directly Eqs. (15) and (16) without using Eqs. (27) and (28), we investigate the stability of the fixed point, (x 0 = 0, y 0 = 0), corresponding to the de-Sitter Universe. In subsections 3.2-3.5, we summarize various cosmological parameters of each fixed point obtained from Eqs. (21)- (24), the equation of state regarding to the Brans-Dicke field w φ , the total equation of state w m , the density ratio of the BransDicke field Ω φ , and eigenvalues λ i with i = 1, 2, 3, 4.
3.1 Fixed points of (x = 0, y = 0, z = 0,t = 0) type Among fixed points of Eqs. (21)- (24), we have this type (a).
This type of fixed points with Ω φ a = 1, w m a = 1, and w φ a = 1 describes the stiff matter-dominated era of our Universe.
Eigenvalues are given by
3.2 Fixed points of (x = 0, y = 0, z = 0,t = 0) type Among fixed points of Eqs. (21)- (24), we obtain types (b).
. Eigenvalues are
. Eigenvales are
3.3 Fixed points of (x = 0, y = 0, z = 0,t = 0) type Among fixed points of Eqs. (21)- (24), we have a type (c).
, 0)
Here F c2 = D 2 (8−24w om )−3(2+ω)(−4+ω(−1+w om ))(1 + w om ) − 2D(−16 + ω(−5 + 6w om + 3w 2 om )).
2 (32D 3 (−1 + 3w om ) + D 2 (34 − 42w om (10 + 3w om ) + 3ω(−1 + w om )(7 + 9w om )) − 3(1 + w om ) 2 (−54+ω(−37−6ω +6(2+ω)w om ))−6D(1+ w om )(−58 − 6w om + ω(−17 + w om (19 + 6w om )))).
Fixed points of
We obtain fixed points of types (d) from Eqs. (21)- (24).
)
.
. Eigenvalues are given with the substitution D → E for the fixed points in the subsection 3.4.1.
(x
. Eigenvalues are given with the substitution D → E for the fixed points in the subsection 3.4.2.
In the subsections 3.2-3.5, we have found fixed points with general values E, D, w om , and ω. Among them, for example, the ω = −4 case corresponds to an effective theory of string theory [53] , and the fixed point with w om = 0, E = −1, D = 2, Ω φ = 1, w m = −1, w φ = −1, and eigenvalues [0, 0, −3, −3] in the subsection 3.4.1 is stable. The ω = −6 case corresponds to conformally invariant models [54] , and the fixed point with w om = 0, E = −1, D = 1, Ω φ = 1, w m = −1, w φ = −1, and eigenvalues [2, 2, −1, −1] in the subsection 3.4.1 is saddle. The ω = 2400 case satisfies astronomical constraints given by solar-system experiments [52] , and the fixed point with w om = 0, E = −1, D = 1, Ω φ = 1, w m = −1, w φ = −1, and eigenvalues [− In the next section we analyze physically meaningful, specified more fixed points.
Dynamical analysis
We consider cases with such special values as E = −1, D = 1 (which give us V e f f (φ ) ∝ φ −2 , V (φ ) ∝ φ 2 ), and w om = 0 for other non-relativistic matter. This j = 0 case corresponds to that given in Eq. (5). We regard both cases with the BransDicke coupling constant ω < 0 and ω > 0. Specific examples with ω = −3 and ω = 5 only are studied for convenience, and possible trajectories from the fixed point corresponding to radiation-like matter dominated era to the dark energy-dominaed era of our Universe are to be found.
ω = −3 case
When ω = −3, by using the results in the sections 3.2-3.5 we obtain explicit properties of fixed points like cosmological parameters relevent to them. 
, 0) : Ω φ = 11/4, w m = −1, w φ ≈ −0.36.
.67, w φ ≈ −3.67.
Requiring the constraint, 0 ≤ Ω φ ≤ 1, we have written down (selected) realistic fixed points P A1 , P A2,3 , P A5,6 in Table 1. We represent possible paths: 1. P A1 → P A5, 6 2. P A2,3 → P A5, 6 It is shown that the paths in a phase space pass well from the radiation-like matter era to dark energy-dominated era of the Universe, as one can see in Figs. 1 and 2. 
ω = 5 case
When ω = 5, we also obtain explicit properties of fixed points like cosmological parameters related to them, by using the results in the sections 3.2-3.5.
, 0, 0, 0) : Ω φ ≈ −0.4, w m ≈ 0.15, w φ ≈ −0.37.
Requiring the constraint, 0 ≤ Ω φ ≤ 1 again, we have realistic fixed points P B1 , P B2,3 , P B5, 6 and P B9,10 in Table 2 . We represent possible paths: 3. P B1 → P B9,10 → P B5, 6 4. P B2 → P B9,10 → P B5, 6 We show also that these trajectories pass well from the radiationlike matter era to the dark energy-dominaed era (as ΛCDM cosmological model), as one can see in Figs. 3-5.
Before discussing de Sitter universe, let us briefly investigate the obsevational constraints in Brans-Dicke cosmology at the stable fixed points given in Tables 1 and 2 . The variability 2 of the gravitational constant in this BransDicke theory is given by |Ġ G | 0 ≈ 2.9 × 10 −10 /yr for P A5, 6 and |Ġ G | 0 ≈ 3.2 × 10 −11 /yr for P B5,6 , respectively, when the age of the Universe t 0 = 1/H 0 ≈ 13.8 × 10 9 yr. These are consistent with the observational results given by [55] .
de Sitter universe
In this section, we study the stability of de Sitter universe, in which the cosmological scale factor has an exponential form. When A( = 0) is a constant and B = 0, the fixed points with x 0 = 0 and y 0 = 0 satisfy Eqs. (21)- (26), which are now reduced to 2/3 0 ± √ 7 0 (−7, −7, −4, −4) stable Table 2 Fixed points (for ω = 5, E = −1, D = 1, w om = 0, and 0 ≤ Ω φ ≤ 1), their eigenvalues, and stability Point x y z t Eigenvalues Stability 2/3/9 0 ± (341/3)/9 0 (−3.4, −3.4, −0.4, −0.4) stable P B9,10 √ 6/5 0 0 ± 11/5 (−3, −2.4, 2.4, −0.6) saddle Fig. 1 The figure exhibits the phase space trajectories on the xz-plane for the case where j = 0, ω = −3, E = −1, and D = 1, among fixed points given in the subsection 4.1. The paths go from P A2 to P A5, 6 . The stable (attractor) points P A5 and P A6 are related to the late-time accelerating Universe, and P A2 is an unstable point corresponding to the radiation-like matter dominated era.
The equation of state regarding to the Brans-Dicke field w φ = −1, the equation of state for the total energy density and pressure w m = −z 2 − t 2 with no other matter w om = 0, and the density ratio regarding to the Brans-Dicke field Ω φ = z 2 + t 2 . Note that B can be written as
from Eqs. (7) and (8) . The fact that B = 0 in de Sitter spacetime is consistent with w m = −1 and z 2 + t 2 = 1. From Eqs. (29)- (32) we can obtain eigenvalues of this fixed point, (A, A, 0, 0). If A is negative, the eigenvalues are stable. When we assume that (with B = 0, x = 0, and y = 0)
where H 0 and f are constants, f = 0 because x ≡φ / √ 6Hφ (∝ f /t)= 0 and y ≡ √ cφ /Hφ 3 (∝ f t −2 f −1 )= 0. Since A ≡ φ /Hφ = ( f − 1)/Ht, A becomes −1 in the late-time when H 0 t −1 0 is used with the age of the Universe t 0 . Thus the eigenvalues are stable.
Conclusions
We have studied cosmology in a Brans-Dicke gravity theory with the inverse power-law potential derived from the low- Fig. 3 The figure exhibits the phase space trajectories on the xt-plane for the case where j = 0, ω = 5, E = −1, and D = 1, among fixed points given in the subsection 4.2. The paths go from P B2 to P B9,10 . The unstable point P B2 corresponds to the radiation-like matter dominated era. energy effective theory formalism [49] [50] [51] , by using the dynamical system method. Analyzing the evolution of our Universe as a dynamical system, we have got fixed points with various values of the cosmological parameters, E, D, ω, and w om , in the sections 3 and 4. We have investigated the stability around the fixed points when ω > 0 and ω < 0 also. In the special ω = −3 and ω = 5 cases, we have descirbed in phase spaces the evolution of the whole Universe from (unstable fixed point) the radiation-like matter to the (stable) dark-energy dominated era. In addition, we have shown in Footnote 2 of the section 4 that a theoretical constraint for the variability x of the gravitational coupling constant in our Brans-Dicke theory is in good agreement with the experimental results [55] . In the section 5, for the specific, cosmic solution (with an arbitrary ω-value) which corresponds to de Sitter universe we have demonstrated that it is the stable fixed point corresponding to the late-time Universe. In summary, we have shown that our cosmological model in a Brans-Dicke theory with inverse power-law potentials derived from the low-energy effective theory formalism can describe well the late-time Universe dominated by dark energy as a stable fixed point, which is evolved from the radiationlike matter dominated era (unstable fixed point). It would be interesting to perform sophisticated analyses with more general cases including j = 0 inverse power-law and exponential effective potentials, as well as a more detailed comparison to recent cosmological observations.
